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Representative minimum-fuel flight paths of various types are computed for a commercial jet transport, par-
ticularly in the terminal area, and used to evaluate near-optimal approximations for onboard, on-line applica-
tion. The aircraft is modeled by point-mass equations constrained by equilibrium of vertical forces; the three-
dimensional position, heading, and speed are the five state variables, and the bank angle, thrust, and flight-path
angle are the three controls. Relatively long flight paths (over 5 n.mi.) from an arbitrary initial state to a fixed
final state are computed. These flight paths have center segments that are nearly straight in their horizontal pro-
jections, with altitude variations consistent with earlier work, which used a simple energy state model. The com-
puted paths, however, extend the earlier work to three dimensions and include the turning climb-out and descent
portions, which must be present for flight paths between distant, unsigned runways. The effect on fuel con-
sumption of the FAA-imposed limit of 250 knots indicated airspeed is also examined.

I. Introduction

THE many publications dealing with flight-path optimiza-
tion can be classified according to the type of aircraft and

mission, the performance index, arid the modeling complexity.
Recent studies of fuel minimization concentrate on flight in a
vertical plane (e.g., Refs. 1-6). A few works have appeared on
three-dimensional flight (e.g., Refs. 7-11)* but only Ref. 11 is
on flight by commercial jet transports. The latter paper
treated only the climb-out arid descent portions of complete
long-range flight paths below 10,000 ft altittide.

The work reported herein on three-dimensiorial fight paths
extends that of Ref. 12 on horizontal flights by adding altitude
as a state variable and flight-path angle as a control variable.
We study only relatively long flight paths (over 5 n.mi.) that
have a nearly straight center segment on the horizontal x-y
plane projection and that may have turns at either or both
ends. The short (2-5 n.mi.), highly turning paths, explored in
Ref. 12 for horizontal flight, are not included because they en-
tail small altitude changes, their occurrence is rare, they are
hard to approximate, they are prone to Darboux points^13'14

and their fuel consuriiption is low.
In complete three-dimensional flight paths, the aircraft is to

reach a desired state (three-dimensional position, heading, or
velocity) from some arbitrary initial state. Such flight paths
occur between airports whose runways have different headings
where the initial state would be the departure point and the
desired state would be at the approach-initiation point. They
also may arise in the descent phase when the aircraft does not
arrive in the terminal area at the proper state in preparation
for landing (e.g., for air-traffic control reasons). In this paper
we will consider flight paths that begin and end at the same
altitude, which are representative of paths between airports.
Furthermore, we will concentrate on flight paths in the range
of 5-50 n. mi., since they display all the features of a complete
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flight path and they fit our aircraft model, which is valid Only
up to an altitude of 10,000 ft. To overcome this limitation, we
also developed a special performance index that permitted us
to study the low-altitude (up to 10,000 ft) portions of long
flight paths, and we show that these portions are compatible
with the solutions for the long flight paths described in
published reports.1 Special cases of flight paths that we con-
sidered were those confined to a vertical plane15; we refer to
these as nonturning flight paths, in contrast to three-
diriiensional ones with turns.

The objective of this work was to discover the common
characteristics of representative families of optimal flight
paths Jn order to identify those characteristics that provide the
most fuel savings. This is essential in order to devise near-
optimal algorithms that can eventually be implemented on
board in real time. A corollary objective was the fuel-
consumption comparison of such near-optimal flight paths
with the optimal ories. We also wanted to find the extent to
which the optimal flight paths violate the FAA-imposed 250
n.mi. indicated airspeed (IAS) constraint and the extra fuel
needed for meeting this constraint optimally.

The optimal flight paths were obtained by computing ex-
tremals, namely, paths that satisfy the necessary conditions of
the minimum principle. This involves the numerical solution
of the state and costate differential equations from ap-
propriate initial values. The selection of the initial costate
variables is greatly faciltated by the fact that on each flight
path the flight-path angle is for the most part a singular con-
trol. This method is not suitable for onboard application. The
method given in Ref. 1, however, is suitable and it may be
combined ne&r optimally with our results to include initial and
final turns.

In this paper, the problem stateirient in Sec II is followed by
three sections of analytical results: computing the necessary
conditions, the singular flight-path angle, and the speed con-
straint (Sees. Ill, IV, and V, respectively). The computations
of the extremals is outlined in Sec. VI, followed by numerical
results for climb-outs and descents (Sec. VII) and for complete
three-dimensional flight paths (Sec. VIII). These results are
discussed in Sec. IX. Numerical values for the fuel flow rate
and drag functions, and formulas for the singular flight-path
angle are in Appendices A and B, respectively.
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II. Problem Statement
The point-mass equations of motion we employ are

x=vcos\l/

tack is not exceeded (o:<8 deg), and the fuel flow rate by

\j/= -gu/v

v = g(T-D-Wy)/W

(1)

(2)

(3)

(4)

(5)

These equations are derived by assuming 1) a small angle or at-
tack adjusted so that lift = weight/cos$, 2) a small flight-path
angle 7, 3) coordinated turns, 4) no winds, and 5) a constant
weight (see, e.g., Ref. 15). Here x and y are the coordinates in
the horizontal plane, h is the altitude, \l/ a ground-track angle
measured counterclockwise from the x axis, v the true
airspeed, g the gravitational constant, and JFthe weight. For
simplicity, winds were not considered. They were considered
in Ref. 1 as vn (h,x,y,t), which presents the practical solution
for the straight-line portion of the flight paths. We considered
the weight to be a constant 150,000 Ib. This is justified, since
the actual weight change caused by fuel consumption over the
longest flight path considered here is only 0.025%. (For fur-
ther discussion for weight change, see Ref. 16.)

The first of three controls is the thrust T, constrained by
ridle<r<rmax. Technically, both ridle and rmax are h and v
dependent. However, the idle thrust is small enough to be
negligible, and, for simplicity, the maximal thrust was chosen
as 7"max = 23,000 Ib, the smallest maximal value allowable over
the altitude range of 0-10,000 ft. The second control is the
tangent u of the bank angle <£. It is positive with the right wing
down and constrained by 101 < \<f>m I where 0W = 30 deg, the
currently used passenger-comfort limit in commercial
autopilots. The third control is the flight-path angle 7; since it
appears linearly, it must be constrained by 7min^7^7max
when it is not singular. We make the somewhat arbitrary, but
representative, choice of 7max = 5 deg to prevent deceleration
during climb at maximum thrust and 7min = - 4 deg to prevent
acceleration during descent at idling thrust; increasing the
range of allowable 7 to allow for such deceleration and ac-
celeration will not materially change the numerical results. In-
itial and final altitudes are chosen to be 2000 ft to allow for
obstacle clearance and glide-slope alignment for climb-out and
descent, respectively; the initial and final speeds are chosen to
be typical of the initial climb and the final approach and land-
ing speeds of the modeled commercial jet aircraft. In the op-
timization, dips below 2000 ft occurred. To prevent such dips,
we at times changed the limits to 7min = 0 deg for climb-out
and 7max = 0 deg for descent.

On some flight paths we imposed the FAA limit of 250
knots (422 ft/s) on the indicated airspeed v f . In terms of the
true airspeed v, this is a state variable inequality constraint,

7 = 422 ft/s,

(6)

For our altitude range of 2000-10,000 ft, Eq. (6) represents a
true airspeed limitation of 258-291 knots.

The drag, including flap deployment at low speeds, is
modeled by

D(h,v,u)=Di(h,v)+D2(h,v)u2 (7)

(8)

The functions D and F are polynomial least-square fits to
tabular numerical values. Numerical values are for a Boeing
727 type of jet transport in the terminal area. Details and
numerical values are provided in Appendix A and Ref. 16.

The objective is to minimize the fuel consumption

J=\'fF(h,v,T)dt
JO

(9)

over a flight path; here tf is open. Problems with a predeter-
mined tf are called four-dimensional problems and are con-
siderably more complicated. This is the appropriate perform-
ance index for complete flights that include both climb-out
and descent. Since our drag and fuel-flow models were limited
to an altitude of 10,000 ft, we did not compute complete long-
range flights that include a high-altitude cruise portion.
However, one can take into account the cruise portion for
climb-outs and descents as follows.

The down range of flight is at \l/ = 0, in the direction of the x
axis. Thus, a turn during a climb-out or descent contributes
the distance $vcos\l/dt along the x axis. If C is the fuel per
nautical mile expended at optimal cruise speed and altitude
(see Ref. 1), then Cjt; cos\I/dt can be thought of as the fuel sav-
ing that a climb-out or descent contributes to the overall flight
by shortening the cruise section. Thus, for climb-out and des-
cent, one should use the index

J'=[f [F(htvtT)-Cvcost]dtJ o (10)

It is shown in the next section, however, that the aim of the
performance index [Eq. (10)], which is to study the low-
altitude portions of long three-dimensional flight paths, can
equivalently be achieved by the use of the index [Eq. (9)]
together with an appropriate choice of costate values. In other
words, the climb-out and descent portions for long flight
paths are special cases of the complete three-dimensional
flight paths.

III. Necessary Conditions
We consider first the minimizaiton of / as defined in Eq.

(9). According to the minimum principle (e.g., Ref. 17), the
Hamiltonian is given by

(H)

H= \0F(h, v, T) + \xvcos\l/ + \yvsin\l/ + \hvy-

+ \vg[T-D(h,v,u)-Wy]/W+ri[v-vI(l + qh)]

where flaps are deployed continuously such that the drag is
minimized for a given altitude and speed, a certain angle of at-

where \0 > 1; since solutions with \0 - 0 will not be con-
sidered, we henceforth set \0 = 1. Here, the X's are the costate
variables to the corresponding state variables; F and D are
given by Eqs. (8) and (7), respectively; and y is the multiplier
for the speed constraint [Eq. (6)] satisfying18

ri(t)<0, ri(t)S[v(t),h(t)]=0 (12)

The costate variables are given by

\x = -Hx = 0—\x = const (13)

\y=-Hy = 0-~\y = const (14)

X, = -Hh = -Fh + \vgDh/W+yviq (15)

X^= — H^ =\xvsin\l/— \yvcos\l/ (16)
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\V=-HV=-FV-

J (17>
where Hx = dH/dx, etc. Since the final time tf is free and
Ht = 0, we have the condition, for optimal control, of

H=0 all te(0,tf) (18)

Minimization of //with respect to rand u is identical to that
in Ref. 12 and it yields

T* — T if T> T1 — 2 max 1X ' — L imax

= T if ridle<r<rmax (19)

where

and

where

(20)

if Ip I < um • and X y <0

if l p l ^ w w and X y<0 (21)

if \v>0 and

(22)

free, since we are interested in merging the cruise segment as
opposed to attaining a specific point in space, and hence by
the transversality condition \x = \y = 0. We observe that both
changes can be effected by using the original index [Eq. (9)]
and setting in the Hamiltonian of Eq. (11)

\y=0 (25)

and, therefore, we need to develop only one set of necessary
conditions. Here, we recall, C is the fuel consumed per
nautical mile when crusing at the optimal altitude and speed;
among other factors such as the cruise weight, it depends on
the length of the cruise portion. In our numerical work,
C= 17.5 lb/n.mi., which from Ref. 1 is for a 200 n.mi. flight.

Ignoring the term — Cvcos\[/ in Eq. (10) or, equivalently, set-
ting C=0 in the performance index is incorrect. For example,
compare two speed-constrained climb-outs, both to 10,000 ft
with a 68 deg heading change. The first, minimizing the per-
formance index [Eq. (10)], requires 1258 Ib of fuel. The sec-
ond, minimizing Eq. (9), requires 7 Ib less fuel; however, its
range is 2.93 n.mi. shorter, which will cost an additional 51 Ib
of fuel along the cruise portion. Thus, when considering the
overall flight, the climb-out for which the term — Cvcos\l/ in
Eq. (9) is ignored requires 3.5% more fuel than the one that
does not.

IV. Singular Flight-Path Angle
We assume in this section that the speed constraint is inac-

tive, i.e.,ry = OinEq.(ll). Along the singular arcHy, the coef-
ficient of 7 in the Hamiltonian (11), given by Eq. (24), is iden-
tically zero. Hence

\h=g\v/v (26)

If Xy >0 and X^ = 0 on an interval, then minimization of H
with respect to u calls for u— ±um. But this is incompatible
with Eqs. (14) and (16), which, together with the fact that \x
and \y are constant, imply that w = 0 if X^ = 0. This can be
resolved by allowing a "chattering" (or "relaxed") u(t)\
which chatters at infinite frequency equally between + um and
-um. We note from Eq. (20) that r<0 when X y >0 and hence
T= ridle. Thus, a chattering u ( t ) may be called for in the case
of certain end states that require a nonturning flight, T- Tidier
and maximum drag for deceleration. If a chattering u is not
allowed, then the optimal solution does not exist between
these end states, but will exist for neighboring end states. We
note that allowing a chattering u ( t ) makes the originally non-
convex velocity set convex (see Appendix C of Ref. 16).

Minimization of H with respect to 7 yields at once

= Tmin

if Hy<0

if Hy>0 (23)

Furthermore, all time derivaties of Hy must vanish. This is
used to evaluate the singular 7. In our case, 7 appears explic-
itly (and linearly) in Hy. Using 0 = //=//7=//7==//7 yields
the form

(27)

where A and B are lengthy functions (see Appendix B) of
nearly all state, costate, and control variables (save 7, of
course). The generalized Legendre-Clebsch condition,19 here
( — //7)7 =/?>0, is checked numerically while computing

y=-A/B (28)

and is found to be satisfied strongly in all computed cases. We
remark that Eq. (28) contains Tand u (the latter via D) , which
causes discontinuities in the singular 7 when the thrust or the
bank angle reach their limits.

The nonturning case, y = \I/ = \y = \^ = u = Q, D = Dl9 is
worth special attention. Then, Eqs. (18) and (26) give (see also
Ref. 15)

where

Hy=\hv-\vg

Clearly, 7* can assume intermediate values only if Hy = 0 on
an interval. These values are termed singular in the theory of
optimal control; portions of an optimal solution with a
singular control are called singular arcs. The case of singular 7
is treated in the next section. The switching of 7 is, of course,
unrealistic, but it is an acceptable price to pay for a simplified
model where 7 is a control rather than a state variable.

So far we have considered complete three-dimensional flight
paths. For climb-out and descent portions of long flight paths,
we replace the performance index [Eq. (9)] by Eq. (10). Fur-
thermore, for Eq. (10) the terminal coordinates x and y are

(29)

(24) Equation (29) with the conditions H =H = 0 gives

and

= W(Fg/v-Fhv-Fvg)/(g(Dlhv-Dlvg)] (30)

(3D

Equating (29) with (30) and recalling that F and Z>, and their
partial derivatives, depend on h and t;, give a function

G(h,v,T,\x)=0 (32)
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The use of the above equations for the numerical computa-
tion is commented upon in Sec. VI. For climb-out and descent
of long flight paths, it turns out in all numerical solutions that
on the singular arc the thrust is maximal and idle, respectively.
Further, since \x=— C, Eq. (32) is thus an implicit function of
h and v and it gives the v-h profile for a nonturning climbout
or descent without having to compute the singular y ( t ) . In
fact, having the v-h profiles for either a complete flight path
or the climb-out or descent of a long flight path we can com-
pute 7 as follows. Dividing Eq. (3) by Eq. (5) we have

'= = vy/[g(T-D)/W-gy)]

whence

y=(T-D)h'/[W(v/g + h') (33)

where h' = Ah/Av is numerically computed from Eq. (32). For
turning flight paths D=D(v,h,u), the dependence on u makes
use of Eq. (33) impractical and Eq. (28) is used for the
numerical calculations. Another disadvantage of Eq. (33) is
that it has no Legendre-Clebsch condition to check for
optimality.

For complete three-dimensional flight paths, the method of
finding the v-h profile and then 7 from Eq. (33) is complicated
by the fact that, on the central part of the singular arc, Tis in-
termediate (see Ref. 16 for details). As a check, we used both
Eqs. (28) and (33) for computing the v-h profiles and singular
7 for nonturning climb-out, descent, and complete three-
dimensional flight paths and obtained the same results.

V. The Speed Constraint
When the speed constraint [Eq. (6)] is active, then

v(t)=vI (34)

Differentiating Eq. (34) and substituting Eqs. (3) and (5) for h
and t), respectively, and solving for 7 gives

y=[g(T-D)/W]/[g+vh(l + qh)] (35)

It turns out that 7 given by Eq. (35) is intermediate, its coeffi-
cient in the Hamiltonian is Hy=0, and it is thus singular. For
convenience of designation, we call "singular arc" those parts
of a flight path for which 7 is singular and the speed constraint
is either inactive or is not being obeyed; when the speed con-
straint is active we refer to a "speed-constraint arc" even
though 7 is singular.

At a junction time Y, of singular and speed-constraint arcs,
7(0 is discontinuous. It is shown in Ref. 16 that the costates
\h and Xy, affected by the speed constraint, are continuous
across the junction. This Agrees with the necessary conditions
given in Ref. 20, which were derived, however, for a scalar
control.

The condition rj(t)>Q must be checked along the speed-
constraint arc. Furthermore, ri(t) is needed for the computa-
tion of Xy and X/,. To compute the multiplier 77, we differen-
tiate Eq. (26), substitute for v and v from Eq. (34) and for ti,
X/j, and Xy from their respective differential equations. This
yields 17 , and thus

+ \vv)/v*]/(vIq + g/v)'>0

where

= C0 + C, T+C2 P-U l zv

on the constraint (36a)

off the constraint (36b)

(37)

VI. Remarks on the Computation of Extremals
As stated in the introduction, we obtain our example results

by computing extremals; An extremal is computed by forward
and backward integration of the state and costate equations
(1-5) and (12-16), respectively, with the controls given by Eqs.
(19-24), starting at a point of known or assumed state and
costate variables. However, unless care is exercised, most of
such extremals will provide flight paths of little interest. If an
extremal contains arcs for which special relationships between
state an costate variables must hold (such as singular or state-
constraint arcs), that is where numerical computation must
start. These relationships are helpful because they limit the
search for initial values of the state and costate variables.

Computations of climb-out and descent extremals start at
time ts at h(ts) =hs = 10,000 ft. There 7 is singular and u is
practically zero; thus, v(ts) is determined by Eq. (32) with
\x = — C, giving v(ts)=vs = 33l knots for climb-outs and
vs = 215 knots for descents. On climb-outs, the speed con-
straint of 250 knots I AS is violated; if we choose to observe it,
v = 29Q knots at /*= 10,000 ft. The starting values of the
state and costate variables are thus xs = ys = \l/s = \y
= M*5)=0> *5 = 10,000 ft, v(ts)=vs, \X=-C, and \h(ts)
and \v(ts) are determined by Eqs. (26) and (29), respectively.
Thus, "for nonturning extremals, all states and costates at the
starting time ts are determined and so is the singular arc of the
climb-out and descent. For turning extremals, it suffices to
take very small X^(^ 5 )^0 to produce the turns shown in
Fig. 1.

For complete three-dimensional flight paths, h(ts) is to be
chosen. Since Tis intermediate around the peak altitude pass-
ing continuously from Tmax to T=0 (see Fig. 2b below) and u
is practically zero there, a convenient starting value is
T(ts)= Dj (which is not the 7 = 0 point; see Fig. 2a). Thus, for
nonturning extremals, v(ts) is determined by Eq. (32), \v(ts)
by Eq. (30), \h ( t s ) by Eq. (26), and the constant \x in Eq. (31)
is X x = — F/v. The remaining starting state and costate
variables (xfy9\y9\^) are set to zero. We store values of
(x9h9v9\h9\v9T9y) on nonturning extremals to serve as start-
ing points for turning extremals for which X^O. The choice
of the starting point and the magnitude and sign of \y are used
to obtain the desired turns at the ends of the extremals.

VII. Results: Climb-out and Descent Flight Paths
Analytically, climb-outs and descents are only portions of

complete paths. The former, being simpler, will be discussed
first.

Figures la and Ib show climb-out flight paths from 2000 ft
and 180 knots to 10,000 ft. We observe that:

1) There is an initial descent at 7 = 7min= -4 deg, during
which most of the turn and most of the acceleration take place
with relatively little altitude drops.

2) The actual climb is for the most part nonturning at an
almost constant singular flight-path angle of 7 = 4.4.

3) The singular-arc climb is essentially decoupled from the
amounts of initial turn and the v-h profile is practically in-
dependent of them.

4) Figure Ib shows that large turns start with the maximum
bank angle of <t>m = 30 deg.

5) Although not shown in Fig. Ib, the result is that the
thrust is r= rmax throughout, including the initial turn.

For descents, the thrust is T'=ridle = 0 throughout. The
descents are therefore far less fuel critical than the climb-outs,
but their characteristics are very similar to those listed above
for the climb-outs. Descents are shown in Fig. Ic; for large
turns we observe a surprising final switch from 7=7max==5
degt07 = 7min= -4 deg.

As stated earlier, the dips during the turn portions of climb-
outs and descents below 2000 ft might be unacceptable. En-
tirely level turns were secured by imposing the ad hoc con-
straints 0 < 7 < 5 deg and - 0.01 < 7 < 0 deg only during the
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SPEED-CONSTRAINT

SINGULAR-ARC
CLIMB AT 7* 4.4°

INTERMEDIATE
THRUST

CLIMB DESCENT
y^4A° 7 = -4°

b)

SINGULAR-ARC
--3.4°

C)

Fig. 1 Climb-out and descent paths: a) climb-out trajectories in
(h,\l/,v) space with no1 speed constraint; b) x-y plot of turns for climb-
out; c) descent trajectories in (h,\j/,v) space with speed constraint.

turns of the climb-outs and descents, respectively. This, of
course, is not optimal; and optimal formulation would require
a time- and state-dependent constraint on 7, which would be
exceedingly unprofitable to implement since, we estimate, it
would make a negligible difference in .fuel consumption. We
refer to the resulting flight-paths as having forced horizontal
turns. Climb-outs with forced horizontal turns required ap-
proximately 20 Ib extra fuel, representing about a 2% increase
for the climb to 10,000 ft, independent of the heading change.
This increase is due to the loss of the extra acceleration af-
forded by the 7 = 7min = - 4 deg initial dip.

We conclude by noting that the speeds at h- 10,000 ft, on
the singular arcs that end the climb-out and start the descent,
match the corresponding speeds on the v-h profile for a
medium-range, airport-to-airport nonturning flight path,
computed for the same aircraft in Ref. 1.

-25 -20 -15 -10 -5 0 5 10 15 20 25 30

Fig. 2 Nonturning complete flight paths without speed constraint
and with forced horizontal turns: a) v-h profiles; b) thrust vs distance;
c) flight-path angle vs distance.

VIII. Results: Complete Three-Dimensional
Flight Paths

Figure 2a shows v-h profiles for nonturning flight paths
with no speed constraint. These are of the forced horizontal
type to avoid dips below 2000 ft. Thus, 7isO<7<m a x = 5 deg
and 7min = -4<7<0 deg at the beginning and at the end of
the paths, respectively; for /z>2000 ft, 7 is singular. The coor-
dinate 5 in Figs. 2b and 2c denotes horizontal path length and
S = 0 corresponds to the start of computation at the point on
the flight paths where thrust is equal to drag. The spike-like
discontinuities in singular 7 seen in Fig. 2c are due to the
discontinuities in f shown in Fig. 2b [which appears in Eq.
(28) for singular 7] at junctions of intermediate rand bound-
ed T(at the corners in Fig. 2a). These spikes exceed the bound
7max = 5 deg and the assumption of "small" 7. To be
mathematically correct, we should leave the singular arc when
the bounds are exceeded. However, we ignored.this for com-
putational expediency, because it would be exceedingly dif-
ficult to return to the singular arc. The advantage in fuel use
that such a flight path has over one for which 7 = 7max = 5 deg
is observed, was estimated (by comparison with near-optimal
paths that do not exceed 7max = 5 deg) to be less than 0.2%.
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Figure 3 shows the altitude profiles against the horizontal
path length S for nonturning flight paths where altitude dips
were permitted. We observe the dips below 2000 ft along
Tmin = -4 deg and 7max = 5 deg. If these bounds are set to zero
as in the. case of Fig. 2, the dips are replaced by a horizontal
path, but otherwise the curves remain the same. The fuel gain
of allowing these dips below 2000 ft is 4 Ib for flight paths of
equal length. We also observe the change in slope, corre-
sponding to the spikes in singular 7 in Fig. 2b, as the thrust
goes from maximum to intermediate values.

Figure 4 shows the x-y plot of long, turning complete paths
that reach a peak altitude of about 7000 ft; here t;(0) = 250
knots I AS, arid ty=180 knots IAS; there is no speed con-
straint. The tufns are of the forced horizontal type, where
0 <7 < 0.01 deg for the initial turns, and - 0.01 < 7 < 0 deg for
the final turns. We observe in Fig. 4 that most of the turn is
done while flying horizontally. Except for paths 3 and 4, the
thrust profile is identical for all flights.16 For paths 3 and 4,
the thrust starts at zero, rapidly building up to maximum.
Zero thrust causes initial deceleration, hence the velocity pro-
files for flight paths 3 anS 4 have an initial dip enabling a
tighter, fuel-saving turn, a feature already observed in Ref r 12.
We remark that because of the velocity dips, there is an addi-
tional point on each of flight paths 3 and 4, at ^ = 68.9 and
87.3 deg, respectively, where the flight could start at i>0 = 250
knots IAS. The singular 7 is independent of the turns; hence,
the altitude profile is identical for all fights and it is the same
as for nonturning paths.

Results for short flights that reach a peak altitude of about
4000 ft are shown in Ref. 16. These flights are similar to the
longer ones considered here, except that the thrust does not
reach the rfiaximum value and, furthermore, there is a cou-
pling between the turns on both ends with respect to the
thrust. Also; in contrast to the longer flights, the climb is not
at a nearly constant singular 7 and the singular arc on the de-
scent is very short.

IX. Cost of Observing the Speed Constraint
The cost in fuel of observing the FAA imposed speed con-

straint of 250 knots IAS on climb-out paths is 36 Ib indepen-
dent of the amount of turn. [The 36 Ib cost includes flying at
10,000^ ft from the speed-constraint velocity of 290.5 knots
(250 knots I AS) to the higher velocity of 340 knots dictated by
the singular arc at that altitude, so that for the comparison the
end speeds are the same; the different x distance is accounted
for by the term CFcos\M From this 10,000 ft, 340 knot point
we assume that the flight continues optimally with further
climb arid acceleration as per Ref. 1. For the case of a 2QO
n.mi. flight path the 36 Ib represent 0.7% of the total fuel. For
descents the cost of observing the speed constraint is only
about 1 Ib. The cost for nonturning complete speed limited
flight paths is about-3.7% over the nonspeed-limited flight
paths, for example, 50 Ib of fuel on a 52 n.mi. long path.
Observing the spee'd constraint somewhat alters the flight
paths, but the comparison is with matching end points.

proximates the optimal one, consumes less than 2% more fuel
than optimal for all heading changes. Thus, it is clear that the
most important fuel-saving feature of the optimal climb-out is
the horizontal turn and acceleration; a procedure that calls for
simultaneous turn, acceleration, and climb, such as procedure
(a), is fuel wasteful. Similar conclusions hold for the descent
which, as already noted, is far less fuel-critical than the climb-
out.16

We also compared the fuel, consumption for complete non-
turning optimal flight paths tnat started and ended at h = 2000
ft and t77 = 250 knots I AS with three nonoptimal procedures,
as a function of horizontal flight-path length. Compared to
the optimal* flying at constant altitude (h = 2000 ft) and at
constant speed (F/ = 250 knots) takes between 5% and 10%
more fuel for path lengths of 20-45 n.mi. Flying at constant
altitude (/* = 2000 ft) but using the near-optimal acceleration
and deceleration algorithm described in Ref. 21, which ap-

-25 -20 -15 -10 -5 0 5 10 15 20 25 30
S, n. mi.

Fig. 3 Altitude profile for nonturning complete flight paths with
altitude dips.
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h = 3,000 ft 7 * 4.2°

**

4 T'" ̂ :

T= INTERMEDIATE

-20 -19 -18 -17 -16 -15 -14 k~2T 22 23 24 25 26

Fig. 4 x-y plot of long turning complete flight paths.

X; Fuel Comparison with Nonoptimal Flight Paths
How much fuel is saved by flying optimal paths? To get an

idea, we compared three turning climb-out procedures with
optimal ones having forced horizontal turns. The v-h profiles
for these three procedures are shown in Fig. 5. All turns are
with maximum bank angle; following the turn, a straight line
path as projected in the horizontal plane was followed until
the speed for the approximate (i.e., average constant) singular
arc is reached. The flight paths are with T— Tmax throughout
and are matched in h, \f/9 and v at their ends' (the different
ranges are corrected for by the term Cvcos\l/). The results show
that, for turns of 0-180 deg, respectively, procedure (a) re-
quires 10-30% more fuel than the optimal one and procedure
(b) is 3-5% worse than optimal. Procedure (c), which best ap-

APPROXIMATION
OF SINGULAR ARC
h-v PROFILE

Fig. 5 Three nonoptimal v-h profiles for turning climb-out.
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proximates the optimal nonturning flight paths of Ref. 12 and
which solves the two-point boundary value .problem, results in
the use of between 1 and 5% more fuel than the optimal. The
results for a near-optimal algorithm described in Ref. 15,
which besides solving the two-point boundary value problem
also includes climb to and descent from a higher altitude, are
within 0.2% of optimal and, in contrast to the other two pro-
cedures, the approximation improves with path length. The
algorithm of Ref. 16 produces similarly good approximations
for turning complete flight paths.

XL Conclusions
This paper presents the computation of minimum-fuel non-

turning and turning flight paths for climb-outs from 2000 to
10,000 ft for long-range flights1 (greater than 50 n.mi.), and for
complete flight paths of lengths between 5 and ,50 n.mi.

An important result is that the optimal flight paths have
turns with little altitude change, which are practically de-
coupled from the climb and descent portions. The latter are at
almost constant flight-path angles. For the short flight paths
considered, no steady-state cruise exists where the flight path
angle is zero and the thrust equals the drag! Instead, there ex-
ists a variable-thrust, variable-angle segment that connects
the climb-out and descent portions of the flight paths. These
features facilitate near-optimal algorithms; one such
algorithm provided very good approximation, turning hori-
zontally and then climbing when the proper speed is reached
— rather than turning and climbing simultaneously — is the
principal fuel-saving feature of the optimal flight paths.
Allowing speeds on climb to freely exceed the FAA-imposed
250 knots I AS limit affords fuel savings of 36 Ib per climb-out.

Are the flight paths we computed indeed optimal? This is a
pertinent question because the extremals satisfy ,pnly necessary
conditions and Darboux points (beyond which the extremal
ceases to be globally optimal) may indeed appear. We believe,
however, that by limiting turns to less than 180 deg, we avoid-
ed Darboux points (unlike for conjugate points, there exists no
test for Darboux points),

The fuel savings afforded by flying optimal flight paths in
the terminal area are, of course, small in relation to the fuel
expenditure of complete long-distance airport-to-airport
flights. However, the cumulative saving is significant. With
the present trend toward automation of air traffic control, we
feel it is economically worthwhile and definitely feasible to in-
corporate fuel-saving, near-optimal algorithms into future on-
board flight-path management systems.

Appendix A: Fuel Flow and Drag
The following numerical values are least-square fits to

tabular data for the fuel flow rate F and drag D for a Seeing
727 below 10,000 ft altitude.

F=

c7= 0.47537

c2=-0.24360x!0-4

c5= 0.17702 XlO- 2

c4= -0.28995 x lO~ 4

c5= 0.10823 XlO- 3

c5=-0.80509X10-5

4-

C7 = 0.15898xl0~6

C5=-0.12439X10-4

cp = 0.91747 XlO- 9

c10 = 0.79644 x 10 ~4

Cjj= -0.85521 xlO~ 1 2

c/2= -0.45624 x lO~ 4

£7 = - 0.4078 XlO4 k4=- 0.2005 x!0~4

k2= 0.2429 x lO~ 4 k5 = 0.3830 x 109

£5 = 0.1 146 k6 = 0.4227 x 10~4

Appendix B: Computation of Singular y
The conditions 0 = tf=Hy =Hy give

-D)/v-gDv]g/W

+ g (Fv (Bl)

We assumed here that the speed constraint is inactive, hence
77 = 0. Further time differentiation yields

dt

v + EH\ (B2)

where trie coefficients have the following values

AH=-Fh+gDh\v/W-g2\v(T-D)/(Wv2)-2g2\ll/u/v3

+ 2gk3k4v2\v/W-2gk5k6(l + u2)\v/( Wv2)

-2g2k3(l + k4h)\v/W-6\vg2k5(l

+ k6h)(l + u2)/(v4W)

H= -g2\Dh/(Wv)-QHD2h/D2+gFvh

-2g2k3k4v\v/W+2g2k5k6(l + u2)\v (B3)

QH=

hv + g(T-D)/v-gDv]/W-QH/\v

-g2\Du/( Wv)

[u\<um

H = 0, \u\=um

=AH + g2\vTv/(Wv)+Tv(gFvT-vFHT) 0<T<Tm

T) 0<r<rm

(B4)
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o<r<rm

Using in Eq. (B2) the right side of Eqs. (3-5), (14), and (15) for
the derivatives v, ti, $, X^, and setting Eq. (B2) to zero, gives
Eq. (27) whence Eq. (28) is

-X^gu/v2 + \vgDv/W) + EH (\xvs

(B5)
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